For an algebraic variety X we introduce generalized first Chern classes, which are defined for coherent sheaves on X with support in codimension p and take values in CH p (X). We use them to provide an explicit formula for the differentials d
Introduction
The sheaves of K-groups naturally arise in the study of algebraic cycles. The first phenomenon of this sort was the Bloch's formula, identifying the p-th cohomology of the sheaf of p-th algebraic K-groups on a smooth variety X with the p-th Chow group of the variety. This was proved in the case p = 2 by Bloch (see [Blo74] ), and later verified for all p by Quillen.
More generally, there is a spectral sequence starting with K-cohomology, that is, cohomology of sheaves of K-groups on X, and converging to the K-groups of X (see [BG73] ). By Gersten's conjecture, proved by Quillen, for a smooth variety this spectral sequence coincides with the Quillen spectral sequence (see Section 2). Its terms are the cohomology of Gersten complexes, and are given by certain groups of equivalence classes of algebraic cycles (and elements of K-groups of their function fields).
Take, for example, the first nontrivial differential on the second sheet of this spectral sequence, namely d 2 : H 1 (X, K 2 ) → H 3 (X, K 3 ) ∼ = CH 3 (X).
Considering the Gersten complex one can see that an element of the left hand side is identified with a collection of divisors on X, either of which is endowed with a non-zero rational function, subject to a certain cancellation condition on their divisors. The target group of d 2 coincides with CH 3 (X) by Bloch's formula. Consequently both the source and the target of d 2 are expressed in terms of algebraic cycles and rational functions on them. This raises the question whether the operation d 2 admits a geometric description. In this work we find such a description in this and related cases.
With this aim, we introduce the maps c p 1 , generalizing the first Chern classes. Let F be a coherent sheaf on X with support in codimension p. We define c p 1 (F) ∈ CH p+1 (X) using the Quillen spectral sequence (see Section 3). We also give a more explicit formula for c p 1 (F) in terms of the first Chern class on smooth varieties (see Proposition 3.3). For instance, if Z is a smooth closed subvariety of codimension p in X, G is a coherent sheaf on Z, and j : Z → X denotes the corresponding closed immersion map, then
where c 1 (G) ∈ CH 1 (Z).
We prove the results for arbitrary, possibly singular algebraic varieties. Without the smoothness assumption, the terms of the Quillen spectral sequence E p,q r are no longer given by K-cohomology. However, the expression of E p,q r is terms of algebraic cycles is still valid.
Specifically, an element α ∈ E p,−p−1 2 is presented by a finite collection {(W i , ϕ i )} i of codimension p cycles W i on X, either of which is endowed with a non-zero rational function ϕ i , such that the sum of the divisors of ϕ i is zero as a codimension (p + 1) cycle on X. Denote by F i and G i the coherent sheaves on X with support on W i , defined as the cokernels of the numerator and the denominator of ϕ i , respectively (the numerator and the denominator are sections of a line bundle, see Section 2 for more detail).
Our main result (Theorem 2.1) is that the equality
is a differential in the Quillen spectral sequence. The orders of differentials for the Atiyah-Hirzebruch spectral sequence in topology were computed by V. Buchstaber through the use of the action of cohomological operations [Buc69] . He was also able to give a formula for certain differentials in terms of Steenrod squares.
A similar idea was later used by A. Merkurjev to estimate the orders of the differentials in the Quillen spectral sequence arriving at the K 0 -and K 1 -diagonals (see [Mer10] ).
S. Yagunov carried out a similar program for the motivic spectral sequence in his recent paper [Yag16] . For a prime l ≥ 3, he proved that the l-local part of d r vanishes for r < l and obtained an expression for the l-local part of d l in terms of stable motivic operations of Voevodsky. A crucial new ingredient in his proof is a computation of the motivic Steenrod algebra with l-cyclotomic coefficients. However, for l = 2 his method is not readily applicable, and this case is not covered in his paper. We also note that our answer is given in explicit geometric terms in contrast to the expressions for higher differentials found by S. Yagunov.
I would like to thank my advisor Sergey Gorchinskiy for his constant support and guidance throughout this work. I am also grateful to Serge Yagunov for explaining his results on the differentials in the motivic spectral sequence, and to Alexander Kuznetsov for useful discussions.
Statement of the main result
Let X be an algebraic variety over a field k. For convenience we assume that X is equidimensional.
The abelian category M X of coherent sheaves on X is equipped with a finite-length filtration M p X = {F ∈ M X | codim X (Supp(F)) ≥ p} by Serre subcategories, called the filtration by codimension of support. Taking K-groups of this filtered abelian category yields an exact couple
The Quillen spectral sequence is by definition the fourth quadrant cohomological spectral sequence E
In this paper we compute the differentials
is presented by a finite collection {(W i , ϕ i )} i of codimension p cycles W i on X, either of which is endowed with a non-zero rational function ϕ i , such that the equality i div(ϕ i ) = 0 holds in the group Z p+1 (X) of codimension (p + 1) cycles on X (not taken up to rational equivalence).
For each i, denote by j i the closed immersion
. Define the following coherent sheaves on X:
In Section 3 we introduce the maps
obtained by applying the construction of the first Chern class to the filtered category M p X in place of M X . Our main result is then the following. Theorem 2.1. In CH p+2 (X) there is an identity
Generalized first Chern classes
In this section we define the maps c Consider the first sheet of the Quillen spectral sequence for the category M p X with the filtration by codimension of support (i.e., the stupid truncation of the Quillen spectral sequence for M X ).
The first two diagonal terms of this spectral sequence stabilize at E 2 , i.e. we have E 0,0
Thus the spectral sequence yields a map
which sends a class of a sheaf F to the proper-dimensional part of its support. Here
is the set of irreducible subvarieties in X of codimension p, and ln O X,Z (F Z ) is the length of the module F Z over the local ring O X,Z .
There is also a map σ :
where Z is an irreducible subvariety of codimension p in X. This map provides a section of c
Define the projection: 
Definition 3.2. We call the composition
a generalized first Chern class.
For brevity, given a coherent sheaf F we denote c Let us give a more explicit formula for c p 1 in terms of the first Chern class on smooth varieties-it is not used in the proof of the main result, but we include it since it is interesting in its own right.
Suppose G is a coherent sheaf on Z, where Z is an irreducible closed subvariety of X of codimension p. Denote by j : Z → X the corresponding closed immersion. Consider the normalization map π : Z → Z, with Z sing and Z sm denoting the singular and smooth loci of Z. The morphism f · · = j • π is finite and birational onto its image. As Z is normal, codim Z ( Z sing ) ≥ 2, so that the groups CH i ( Z) and CH i ( Z sm ) are canonically identified for i = 0, 1. By abuse of notation, we will write
Let η : G → π * π * G be the canonical morphism, and put
Proof. Consider the exact sequence
Since c p 1 is a group homomorphism, we have: between maps from K 0 (M p X ) to CH p+1 (X). The proof boils down to considering the following two cases: 1) Proving the identity for arguments in
2) Proving the identity for arguments of the form F = f * G, where G is a coherent sheaf on a smooth variety Z and f : Z → X a finite morphism birational onto its image.
In the first case the statement follows from Remark 3.1 and the Riemann-Roch theorem without denominators (see [Ful98, Example 15.3 .6] for the specific statement needed).
One possible way to deal with the second case is to apply the Riemann-Roch theorem without denominators for projective morphisms (see [Pap07, Theorem 2.2]) to the morphism f .
Convenient model for algebraic K-theory space
Denote by E the category of essentially small exact categories. There is a functor K : E → Ho(CW ) that associates to an exact category C the homotopy type of its K-theory space (by which we understand the loop space of the space BQC defined in [Qui73] ). We have K i (C) = π i (K(C)). In particular, for any object M of C there is a connected component
. To a pair of an object A of C and an automorphism λ : A → A one can associate a canonical homotopy class of loops
in a way consistent with composition of automorphisms. Note that π 0 (K(C)), π 1 (K(C)) are abelian groups, and so the homotopy groups are well-defined up to a canonical isomorphism, independently of the choice of a base point. We also note that both correspondences are natural with respect to exact functors C → C .
In what follows we use a lift of the functor K to a functor
associating to an exact category C an H-space K(C) equipped with the following data: 1) for any object M of C the choice of a point pt(M ) ∈ K(C) which belongs to the component [M ] ∈ π 0 (K(C));
2) for any short exact sequence E = [ 0 → A → B → C → 0 ] in C the choice of a path γ E : pt(B) pt(A ⊕ C). Here and further by a dashed arrow we denote a path between its source and target.
We require this data to satisfy the following conditions: i) for all A, B in C there is an equality pt(A) + pt(B) = pt(A ⊕ B) as points of K(C); ii) for any automorphism λ :
iii) for an exact functor F : C → C we ask that pt(F (A)) = F * pt(A), and that
An example of such a construction is given by the simplicial set of Gillet-Grayson [GG87, Theorem 3.1].
We will use the following simple fact, which is implied directly by Remark 3.1. 
By passing to the homotopy long exact sequences
we obtain an exact couple. The relevant part of the corresponding spectral sequence has the following form:
. By the homotopy long exact sequence associated with the homotopy fibration
Furthermore, the homotopy fibration
Applying the coboundary map to β, we obtain d 
Proof of the main result
Take an element α ∈ E p,−p−1 2 . We construct a path γ (as in Proposition 5.1) in order to compute d 2 (α).
We use the notation {(W i , ϕ i )} i , f i , g i , F i , G i introduced in Section 2. By the properties of the functor K explained in Section 4 the exact sequences 
